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Background

Propositional logic:

L Propositional formulas
ϕ, ψ, . . . denote formulas

Ω Set of interpretations

|= Model relation / logical entailment

Cn Classical consequence relation

Compatible in the usually way:

φ |= ψ if and only if ψ ∈ Cn({φ})

Because the specific signature is very important here, we attach the
corresponding signature in the index:

LΣ, CnΣ, |=Σ, LP , CnP , |=P , LΣ′ , . . .

where Σ,Σ′, P, P ′, . . . Signatures (finite set of prop. variables)
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Forgetting of Signature Elements

Unifying approach by Delgrande (2017).Ingredients:

Σ, P Two signatures

Γ ⊆ LΣ Set of formulas over Σ

Forgetting of P in Γ:

F(Γ, P ) = CnΣ(Γ) ∩ LΣ\P .

The operator F(Γ, P ) is fully characterized by:

(DFP-1) Γ |= F(Γ, P )

(DFP-2) If Γ |= Γ′, then F(Γ, P ) |= F(Γ′, P )

(DFP-3) F(Γ, P ) = CnΣ\P (F(Γ, P ))

(DFP-4) If P ′ ⊆ P , then F(Γ, P ) = F(F(Γ, P ′), P )

(DFP-5) F(Γ, P ∪ P ′) = F(Γ, P ) ∩ F(Γ, P ′)

(DFP-6) F(Γ, P ∪ P ′) = F(F(Γ, P ), P ′)

(DFP-7) F(Γ, P ) = CnΣ(F(Γ, P )) ∩ LΣ\P
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Contributions

• Compatibility of forgetting of signature elements
and marginalization (for Ranking Functions)

• Forgetting of Formula:
• Translation of (DFP-1)–(DFP-7) to epistemic states

(and forgetting of formulas)
• Providing a characterization theorem
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Ranking Functions

Ranking function (ordinal conditional function [Spohn, 1988]):

• κ : ΩΣ → N0 such that κ(ω) = 0 for at least one ω ∈ ΩΣ

Typical interpretation:

• Plausibility of possible worlds

• κ−1(0) are the most plausible worlds

Belief set:

• Bel(κ) = {ϕ ∈ LΣ | ∀ω ∈ ΩΣ. κ(ω) = 0 ⇒ ω |= ϕ}

Example for Σ = {a, b}
2 ab

1 ab, ab
0 ab

κab

Bel(κab) = CnΣ(a ∧ b)
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Marginalization of Ranking Functions

Given Σ′ ⊆ Σ, e.g. Σ = {a, b} and Σ′ = {b}

Σ

Σ′

κ : ΩΣ → N0, κ
−1(0) ̸= ∅

κ|Σ′ : ΩΣ′ → N0, κ
−1
|Σ′(0) ̸= ∅

ba ba

b

Marginalization of κ to Σ′ [Künstliche Intelligenz 2019]:

κ|Σ′(ω′) = min{κ(ω) | ω ∈ ΩΣ with ω |= ω′}.

2 ab

1 ab, ab
0 ab

κab

1 b

0 b

κab|{b}
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Compatibility Results

Proposition

Let κ be an OCF over signature Σ and Σ′ ⊆ Σ a reduced signature.

Bel(κ|Σ′) = Bel(κ) ∩ LΣ′

Theorem

Let Γ ⊆ LΣ be a set of formulas and κ an OCF over signature Σ, then

F(Bel(κ), P ) = Bel(κ|(Σ\P ))

holds for each signature P ⊆ Σ.
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Forgetting of Formulas as Belief Change

We considered forgetting of signature elements:

F(Γ, P ) = CnΣ(Γ) ∩ LΣ\P Bel(κ|Σ\P ) = Bel(κ) ∩ LΣ\P

"Type" of F (respectively (·)|Σ\P ):

• set of formulas × signatures → set of formulas

• (ranking functions × signatures → ranking functions)

Switching to the setting of belief change (Darwiche and Pearl (1997)):

E = {Ψ,Ψ1, . . .} Set of epistemic states
Bel(Ψ) Belief set of Ψ
◦ Belief change operator, type ◦ : E × L → E

Can we carry over ideas from forgetting of signature elements?
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Postulates for Forgetting of Formulas I

Σ, P Two signatures with P ⊆ Σ Ψ Epistemic state

Γ ⊆ LΣ Set of formulas over Σ ψ, ϕ formulas from LΣ

(DFP-1) Γ |= F(Γ, P )

No addition of beliefs, i.e. F(Γ, P ) ⊆ Γ

(DFPes-1)L Bel(Ψ) |= Bel(Ψ ◦ ϕ)

(DFP-2) If Γ |= Γ′, then F(Γ, P ) |= F(Γ′, P )

Monotonicity condition

(DFPes-2)L If Bel(Ψ) |= Bel(Φ), then Bel(Ψ ◦ ϕ) |= Bel(Φ ◦ ϕ)

(DFP-4) If P ′ ⊆ P , then F(Γ, P ) = F(F(Γ, P ′), P )

Intermediate steps have no effects

(DFPes-3)L If ϕ |= ψ, then Bel(Ψ ◦ ϕ) = Bel((Ψ ◦ ψ) ◦ ϕ)

12 / 17
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Postulates for Forgetting of Formulas II

(DFP-5) F(Γ, P ∪ P ′) = F(Γ, P ) ∩ F(Γ, P ′)

Decomposability of disjuncts

(DFPes-4)L Bel(Ψ ◦ (ϕ ∨ ψ)) = Bel(Ψ ◦ ϕ) ∩Bel(Ψ ◦ ψ)

(DFP-6) F(Γ, P ∪ P ′) = F(F(Γ, P ), P ′)

Order-Independence of disjuncts

(DFPes-5)L Bel(Ψ ◦ (ϕ ∨ ψ)) = Bel((Ψ ◦ ϕ) ◦ ψ)

Note that we have no counter-parts for:

(DFP-3) F(Γ, P ) = CnΣ\P (F(Γ, P ))

(DFP-7) F(Γ, P ) = CnΣ(F(Γ, P )) ∩ LΣ\P

Additional success condition:

(DFPes-6)L If ϕ ̸≡ ⊤, then Bel(Ψ ◦ ϕ) ̸|= ϕ
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Triviality Result

Theorem (Triviality Result)

A belief change operator ◦ satisfies (DFPes-1)L-(DFPes-6)L if and
only if Bel(Ψ ◦ ϕ) ≡ ⊤ holds for each ϕ ∈ L.

The following postulates are a very restrictive combination

(DFPes-3)L If ϕ |= ψ, then Bel(Ψ ◦ ϕ) = Bel((Ψ ◦ ψ) ◦ ϕ)

(DFPes-4)L Bel(Ψ ◦ (ϕ ∨ ψ)) = Bel(Ψ ◦ ϕ) ∩Bel(Ψ ◦ ψ)

(DFPes-5)L Bel(Ψ ◦ (ϕ ∨ ψ)) = Bel((Ψ ◦ ϕ) ◦ ψ)
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Problem with (DFPes-3)L–(DFPes-5)L

From...

(DFPes-3)L If ϕ |= ψ, then Bel(Ψ ◦ ϕ) = Bel((Ψ ◦ ψ) ◦ ϕ)

(DFPes-4)L Bel(Ψ ◦ (ϕ ∨ ψ)) = Bel(Ψ ◦ ϕ) ∩Bel(Ψ ◦ ψ)

(DFPes-5)L Bel(Ψ ◦ (ϕ ∨ ψ)) = Bel((Ψ ◦ ϕ) ◦ ψ)

you can get:

(SI) If ψ ≡ ϕ, then Bel(Ψ ◦ ϕ) = Bel(Ψ ◦ ψ)

You can do the following:

Bel(Ψ ◦ (ϕ ∧ ψ)) ϕ∧ψ|=ϕ= Bel((Ψ ◦ ϕ) ◦ ϕ ∧ ψ) ((DFPes-3)L)

= Bel(Ψ ◦ (ϕ ∨ (ϕ ∧ ψ))) ((DFPes-5)L)

= Bel(Ψ ◦ ϕ). ((SI))
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Summary

Contributions:

• Compatibility of forgetting of signature elements
and marginalization (for Ranking Functions)

• Forgetting of Formula:
• Translation of (DFP-1)–(DFP-7) to epistemic states

(and forgetting of formulas)
• Providing a characterization theorem

Future work:

• Representation theorems for subsets and variations of
(DFPes-1)L–(DFPes-6)L

• Connection to AGM contraction
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